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We show that the pathology which afflicts the Hartle-Hawking vacuum on the 
Kerr black hole space-time can be regarded as due to rigid rotation of the state with 
the horizon in the sense that when the region outside the speed-of-light surface is 
removed by introducing a mirror, there is a state with the defining features of the 
- - - Hartle-Hawking vacuum. In addition, we show that when the field is in this state, the 

, expectation value of the energy-momentum stress tensor measured by an observer 

I close to the horizon and rigidly rotating with it corresponds to that of a thermal 

I distribution at the Hawking temperature rigidly rotating with the horizon. 
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> ■ I. INTRODUCTION 



We know that there is no Hadamard state on the Kerr black hole space-time with the 
defining features of the Hartle-Hawking vacuum of respecting the isometries of the space-time 
and being regular everywhere Frolov and Thorne have shown that with certain non- 
O ■ standard commutation relations a state can be found whose Feynman propagator formally 
O . has symmetry properties necessary for regularity of the state on the outer event horizon |3| , 

^1 is that the key property of the space-time which accounts for the non-existence of a true 
Hartle-Hawking vacuum is the presence of a region in which the Killing vector which is 
parallel to the null generators of the horizon becomes spacelike. In the present article we 
take up a suggestion made in Ref . of removing this region from the space-time by enclosing 
I the black hole within an axially symmetric, stationary mirror. We show that when this is 
done, there is a well behaved state with the defining features of the Hartle-Hawking vacuum. 
In addition, when the field is in this state the expectation value of the energy-momentum 
stress tensor as measured by an observer rigidly rotating with the horizon corresponds on 
the horizon to that of a thermal distribution at the Hawking temperature rigidly rotating 
with the horizon. 

The mirror serves to remove the superradiant normal modes, as can be seen heuristically 
by noting that amplified waves which would otherwise escape to future null infinity are 
reflected by it across the future horizon. In the specific case of a mirror of constant Boyer- 
Lindquist radius, we can explicitly construct a vacuum state whose Feynman propagator 
has the symmetry properties identified in Ref. J3|] and whose anticommutator function does 
not suffer from the pathology noted in Ref. Although this conclusion appears to be 
valid irrespective of the radius of the mirror, we generalize a result due to Friedman to 
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show that the space-time is unstable to scalar perturbations if the mirror does not remove 
all of the region outside the speed-of-light surface. This instability is characterized by the 
existence of mode solutions of the field equation with complex eigenfrequencies which we 
have neglected when quantizing the field. Kang 0| has shown that the contributions made 
by these modes to the response function of an Unruh box are not stationary but increase 
exponentially with time. We therefore believe that when part of the region lying outside the 
speed-of-light light surface is inside the mirror, it is not possible to construct the stationary 
states involved in our considerations. 

The layout of the paper is as follows. In Sec. |n]we consider the normal mode solutions of 
the Klein-Gordon equation inside a mirror of constant Boyer-Lindquist radius. In Sec. IIIII 
we use these solutions to numerically calculate the energy-momentum stress tensor as mea- 
sured by observers rigidly rotating with the event horizon when the radius of the mirror is 
sufficiently small to remove all of the region outside the speed-of-light surface. In Sec. II VI we 
consider the stability of the classical scalar field in the presence of a mirror and generalize 
Friedman's result. Finally, in Sec. |3 we calculate numerically the eigenfrequencies of the 
unstable mode solutions of the field equation present when the black hole is inside a mirror 
of constant Boyer-Lindquist radius larger than the minimum radius of the speed-of-light 
surface. We follow the space-time conventions of Misner, Thorne and Wheeler 01 and the 
notation of Ref. P| throughout. 



II. FIELD IN THE PRESENCE OF A MIRROR 

We consider the right hand region of the Kerr black hole enclosed within a mirror ^ 
so that the past event horizon is a Cauchy surface for the space-time. We require that ^ 
respects the Killing isometrics of the space-time since we are interested in a state which is 
invariant under these isometrics. The simplest mirror is the hypersurface r = tq since the 
Klein-Gordon equation then still admits completely separable solutions. We take the radius 
of the mirror to be smaller than the minimum radius of the speed-of-light surface. We will 
see in Sec. II VI that if the radius is larger, there are modes of complex frequency which need 
to be considered in addition to those discussed in this section. For brevity, we deal only 
with the case of a field satisfying Dirichlet conditions on this hypersurface. 

We can construct normal modes by 

^X(^) = { Wil) (2-1) 

By convention, the ranges of our mode labels here and in what follows are appropriate to 
the "distant observer viewpoint" for modes with an 'in' or 'out' superscript and to the "near 
horizon viewpoint" for modes with an 'up' or 'down' superscript. The terminology here 
is that of Ref. In the "distant observer viewpoint" > while in the "near horizon 
viewpoint" a) > where 

ib = 10 — mfi+ (2.2) 

and f2+ is the angular velocity of the horizon with respect to static observers at infinity. It 
is straightforward to check that the modes s"^^ form an orthonormal set. If we let h^^im 



3 



denote the sohition of the radial equation which behaves hke e^'^^* close to the horizon then 
the asymptotic form of s^^^ on the two horizons is 

We see that, since ht^imifo) / h*^im{''^o) is a complex constant with unit modulus, these modes 
are not superradiant. 

We could equally well have constructed normal modes defined by 



which also satisfy the boundary conditions on the mirror and form an orthonormal set. It 
can be shown, however, that 



= (2.5) 



and hence that these upgoing and downgoing modes differ from each other only by a phase. 
It follows that the vacuum state obtain by expanding the field in terms of either of these 
sets is the same and that this state is invariant under simultaneous t-ip reversal. Wc denote 
it by l-B.^). Dropping the now superfluous superscript from the modes, the anticommutator 
function of \B^) is 



The modes with which the field has been expanded all have positive frequency with respect 
to the Killing vector given by 

kjg'^k^ + n+ko- (2.7) 

Here, k y and k(^ are the two commuting Killing vectors of the Kerr space-time given in 
Boyer-Lindquist co-ordinates by 

kj^ = dt, ko = d^. (2.8) 

It follows that an observer moving along an integral curve of k,,%- makes measurements 
relative to the state \B_jf). Such an observer rotates rigidly with the same velocity as the 
horizon with respect to static observers at infinity. We call this observer a rigidly rotating 
observer (RRO). 

We can extend s^im to the left hand region of the space-time by requiring it to be zero 
there. If we place a similar mirror in this region then we can introduce a function tu,im 
defined by 

t^imiU^, V+, d, ip+) = «:,„(-[/+, e, ip+), (2.9) 
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which has unit norm, satisfies the field equation, is zero in the right region of the space-time 
and satisfies the boundary condition on the mirror in the left hand region. Both of the linear 
combinations 

a^im = . \ [s^im + e-^^/'^+O^] , (2.10) 



a/1 — g-27ni/K+ 
1 

Y^l — g-27ni/K4 



[Um + e-'^'^/^Uti^], (2.11) 



are regular functions of ?7+ on the past event horizon which are analytic in the lower half of 
the complex [/+-plane and are regular functions of on the future event horizon which are 
analytic in the lower half of the complex y+-plane. The vacuum state defined by expanding 
the field in terms of these is invariant under the simultaneous t-(p reversal and has a Feynman 
propagator with the properties required of the Hartle-Hawking vacuum in Ref. 0]. We denote 
this state by \H^). Its anticommutator function is 



OO / poo / ~ \ 

G^,f{x,x') = J2J2 / ducoth(—)^[s^Ux)s:,^{x')]. (2.12) 



/=0 m=-l 



III. NUMERICAL RESULTS 

The measurements of an RRO when the field is in the state \H^) can be calculated from 

°° ^ poo r\ 

Glf{x,x')-Glf{x,x') = Y,Y. / _^ ns^Ux)sl,^{x')]. (3.1) 

/=0 m=-l 

The mode by mode cancellation of the high frequency divergences which afflict both anticom- 
mutator functions in the conincident limit makes this expression amenable to straightforward 
numerical analysis. We calculated the spheroidal functions and separation constants in es- 
sentially the same way as that outlined in Ref. 0. We calculated the radial functions by 
integrating Eq. (2.6) of Ref. fl. The accuracy of the integration has to be carefully consid- 
ered in the case that Muj is small and / is large. The details can be found in Ref. and 
will be outlined in a later article. 

The graphs in Fig. [T]and Fig. |21show the numerically calculated values of and 
(^m!^)rro' expectation values measured by an RRO when the field is in the state \H^). 
They are given for a black hole for which a = 0.3M which means that r+ = 1.954M. In all 
of the graphs, the units are such that M = 1. The divergent behaviour as the horizon is 
approached has been factored out and each graph terminates on the mirror which has been 
given a radius tq = 11.929M. This is just smaller than the minimum radius of the speed-of- 
light surface, r = 11.935M. See the appendix for the details of how this is calculated. On the 
horizon, the components are compared and show close agreement with those corresponding 
to a thermal distribution at the Hawking temperature rigidly rotating with the horizon. 
These are given by 



rp2 
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TV 
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I. I. 1 (3-2) 
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FIG. 1: A graph of {4>'^)^^o, the expectation value of measured by an RRO when the field is 
in the state \H^). The dark line gives the value on the horizon for a thermal distribution at the 
Hawking temperature rigidly rotating with the horizon. The units are such that M = 1. 



where T is the local temperature and is related to the Hawking temperature, Th, by 



T 



H 



H 



1± 

27r' 



(3.3) 



There has been some discussion in the literature about the rate of rotation of a Hartle- 
Hawking vacuum on the Kerr background, should it be possible to define such a state. It 
has been suggested, for example, that the state might appear isotropic to a ZAMO or an 
observer rotating at the angular rate of the Carter tetrad. The numerical calculations for 
the state provide strong evidence that it rotates rigidly up to not just leading order 

but also next to leading order as the horizon is approached. This is important because it 
shows that the rotation is not at the angular rate of either a ZAMO or the Carter tetrad. 
One way to see this is to consider an observer at fixed r and 9 rotating at an angular velocity 
of n(r, 9) relative to static observers at infinity. As an orthonormal tetrad carried by the 
observer we can take 



e(t) 

6(9) 



- [dt + na^] 
a 




72^2 _ , - ^ 



(3.4) 
(3.5) 

(3.6) 
(3.7) 



We have introduced here standard functions of the metric components 



a 



' 9tip ~ dttQ^Lp 



and the function 
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g^pip \gtt + '^^gtip + ^'^g^pJ 



(3.8) 



(3.9) 
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FIG. 2: Graphs of the components of (T/iy)RRO) the expectation value of the energy-momentum 
stress tensor measured by an RRO when the field is in the state \H_^). The dark line gives the 
value on the horizon for a thermal distribution at the Hawking temperature rigidly rotating with 
the horizon. The units are such that M = 1. 



n-n_i. 



A 



FIG. 3: A graph of (0 — 0)/A, where Cl is the rate of rotation of the frame in which there is no 
flux of energy. The black line gives the value on the horizon for = the blue line gives the 
value for O = and the green line gives the value for O = ficarter- 



The function 7 is the Lorentz factor associated with the observer's angular velocity relative 
to a ZAMO at the same point and fl is the angular velocity of this ZAMO relative to static 
observers at infinity. Given an energy- momentum stress tensor T^^,, the flux of energy in the 
direction of e((^) measured by the observer is 



1 

an 



a" 



(3.10) 



(3.11) 



The angular velocity at which the observer must rotate in order to measure no flux of energy 
is given by a root of the quadratic in appearing in the square brackets above. From the 
numerical data for {Tf^u)^Yio^ "^^^ solve to find Cl. Fig. |21 gives a graph of (0 — Q+)/A. 
This is compared on the horizon with the value for an RRO, a ZAMO and an observer 
rotating with the same angular velocity as the Carter tetrad. These are given by 



lim 

r— >r+ 



0, 



n 



+ 



r+K+ • 



Ql sin^ 6 + 



n 



^Carter; 

Q. 



(3.12) 



The graph shows close agreement with the value corresponding to an RRO and not with 
either of the other two. 

It might be supposed that the behaviour of {T^y)^^Q close to the horizon is derivable by 
an asymptotic analysis in the manner of Candelas, Chrzanowski and Howard jlo|. Indeed, 



close to the horizon the contributions to the mode sums from the u^i^ dominate and we 
find that 



{TM^o ~ {CCH-\T,^CCH-) - {B-\T,,\B-), (r ^ r+), (3.13) 

the right hand side of which has been calculated in Ref. [l3| for the electromagnetic field. 
We wish to point out, however, that this analysis is unfortunately in error except at the 
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poles of the horizon. The result given in Eq. (3.7) of Ref. l3| is obtained by noting that the 
dominant contributions come from the high / modes and performing an asymptotic analysis 
of the -ti-R^y^ as the horizon is approached for large /. The spheroidal functions are also 
tacitly replaced with spherical functions. In general, however, contributions come from every 
value of m and since the dominant contributions to the mode sum are for uj ^ Th, neither uj 
nor m is necessarily small compared to /. The spheroidal functions therefore cannot always 
be approximated by spherical functions and the separation constant used in the analysis of 
the cannot always be approximated by The poles are exceptional in that we know 

that only m = ±1 modes contribute there and that the analysis is therefore valid. This can 
be clearly seen from the result which can be written 



{CCH-\f^'^\,)\CCH-)-{B-\f^^\,)\B-) ~ diag(-3, 1,1,1), (r - 

(3.14) 

where the components are on the Carter tetrad. We have corrected here for a typographical 
error m Eq. (3.7) of Ref. US in which a factor of has been omitted. In |11,J it was shown 
numerically that in fact 

{CCH-\f^^\,)\CCH-) - {B~\f^^\,)\B~) ~ H^diag(-3, 1,1,1), (r ^ r+), 

(3.15) 

which is precisely that of a thermal distribution at the Hawking temperature rigidly rotat- 
ing with the horizon. These comments go equally well for the scalar field; following the 
method of Ref. 3| we would obtain values for (0^)rro (^m'^)rro incorrect by the same 



multiplicative factor of p^/(2Mr_| 

The measurements of an RRO do not correspond to those of a thermal distribution 
everywhere. It is an open question whether or not their deviations from ()3.2j) are regular on 
the horizon. It can be checked by transforming to the Kruskal co-ordinate system that the 
conditions that Tq,^, given by 

Tal3 = T^p - {Tal3)RRO, (3.16) 

is regular on both horizons are that at worst 

T^+^+=0(l), Tee = 0(1), T,^ = 0(1), 

/ A \^ , (3.17) 

These components are in the rigidly rotating co-ordinate system r, ^, and we have 
placed a subscript on t to avoid confusion with the Boyer-Lindquist co-ordinates. We have 
not been able to verify these numerically. It was conjectured by Christensen and Fulling 
that for the Schwarzschild black hole, the measurements of a static observer when the field 
is in the Hartle-Hawking state would be exactly thermal everywhere. This was later shown 
not to be the case by Jensen, McLaughlin and Ottewill Although the leading order of 
the deviation from isotropy is zero on the horizon in agreement with the asymptotic analyses 



of lla and 17 , even in this case it remains undetermined whether or not the total deviation 



is regular there. 
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IV. STABILITY OF THE CLASSICAL SCALAR FIELD 



The numerical calculations of the previous section fail if the radius of the mirror is 
increased to include any of the region in which k,^ becomes spacelike. If any of this region 
lies inside the mirror, new modes of the field equation come into existence which are also 
regular on the horizon and satisfy the boundary conditions on the mirror. These new modes 
have complex eigenfrequencies and are therefore characterized by the existence of unstable 
solutions of the field equation. We will show in this section that such solutions exist for 
all sufficiently high m. Kang has demonstrated how to quantize the scalar field on 
the Kerr background in the presence of complex frequency modes. He has shown that the 
contributions made by them to the response function of an Unruh box are not stationary 
but increase exponentially with time and we expect that the anticommutator function will 
show similar behaviour. It follows that neither of the stationary states and \H^) 

exists unless the region outside the speed-of-light surface is removed by the mirror. 

The analysis presented in this section is based heavily on that of Friedman [^. The 
Lagrangian for the complex scalar field is 



T7(3)aV>V^0*, (4.1) 



St 



where St is a hypersurface of constant t, 77*^'^^ is the volume 3-form induced on St by the 
metric and a is the lapse function given in Eq. ()3.8p associated with the past pointing unit 
normal to St which we denote by n. The field equation is 

V^V^^ = 0. (4.2) 

The total charge of the field at time t is given by 







ISt 





(4.3) 

The total energy of the field at time t depends on the Killing vector with which we define 
derivatives with respect to time. An appropriate vector is one of the form 

k = ky + l^o^O' ^0 constant, (4.4) 
of which there is no preferred choice. The energy of the field on St is 

<^t= j rj^'^n^E'^, (4.5) 

J St 

where 

= S^^k"-, S,, = V(^0V,)r - ^(^^.V^^V^^*. (4.6) 

Consider the closed surface formed by the St-, St' and the mirror as in Fig. 0] For a solution 
of the field equation, (f)*'V^4> is divergence free and so its fiux over this surface is zero. Its 
fiux over the mirror is zero by virtue of the boundary conditions and so its fiux over St is 
minus that over Sf. That is, J3t is independent of t. These comments go equally well for E 
and so S't is also independent of t. 
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FIG. 4: A space-time diagram of the region bounded by the surfaces St, St' and the mirror. 



Consider a solution of the field equation of the form 



(4.7) 



Suppose that u is complex so that the solution is unstable, growing exponentially either 
forwards or backwards in time. We find that 



^t = 2e 



St 



rj^^'^-{uR-mn)\(f)o\ 
a 



St 



where 





(900 




(900 


^ 1 




(9r 




dQ 





{ujR — mfio)^ + a;| — m' 



(4.8) 



(4.9) 



= 3fJ[u;], uJi = Q[uj]. 



(4.10) 

We know that ^t and S't do not depend on t and so it must be that the integrals in Eq. ()4.8|) 
and Eq. ()4.9|) vanish so that = and S't = 0. Thus, for an unstable mode 



^(3)_(^^_^^)|0^|2^O (4.11) 

St « 



St 



dr 



de 



+ — 



, k ' k 



0. (4.12) 



Now if k can be chosen so that it remains timelike everywhere then it is clear that the 
integral on the left hand side of Eq. ()4.12|) must be positive for a non-trivial mode and 
so this condition cannot be met. There are therefore no unstable modes in this case. In 
particular, putting k = kj^, we see that there are no unstable modes if the radius of the 
mirror is smaller than the minimum radius of the speed-of-light surface. 

We could equally well have restricted the field to the region outside the mirror. This time 
putting k = kjr, we see that there are no unstable modes if the radius of the mirror is larger 
than the maximum radius of the stationary limit surface. On the other hand, Friedman |5| 
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has shown that for a star with an ergoregion, unstable solutions to the Klein-Gordon equation 
exist. It can easily be checked that his analysis is valid for the Kerr space-time with the 
event horizon removed by surrounding the black hole with a mirror. We now show that there 
are likewise unstable solutions of the Klein- Gordon equation if we consider the space-time 
inside a mirror surrounding the black hole but not removing all of the region outside the 
speed-of-light surface. 

Let Sv be a family of hypersurfaces related to the Killing vector k ^ where the parameter 
V satisfies k^^V = 1. The unit normal to each of these hypersurfaces is then given by 

n = —adv, a = — . (4.13) 

The vector k can be decomposed into a part which is parallel and a part which is orthogonal 
to n. That is, 

kjf = a[n + pm], (4.14) 

where 

m^m^ = 1, n'^m^ = 0. (4.15) 

The region inside the speed-of-light surface is clearly the region in which \f3\ < 1. We can 
write the metric as 

9f,^ = -rii^n^ + m^niy + j^^,, (4. 16) 

where 

= 5^*^ + 4n['^m"]n[^m<,]. (4.17) 

The energy in the field on is 

= /" rj^^^n^E^, (4.18) 

where E is defined in Eq. (j4.6p with k = k^^-. Suppose that close to the future horizon the 
surfaces Sy become null. Consider the region bounded by the surfaces 5*0, 5"^,, a hypersurface 
of constant Boyer-Lindquist radius r and the mirror as in Fig. |3| Since the total flux of 
E over this surface is zero and its flux over the mirror is zero by virtue of the boundary 
conditions, we find that 

= 4 - 2Mr+ ^ dt; y dOdip sinO \k%.V , (4.19) 

In order to obtain the above expression we have taken the limit as the radius of the hyper- 
surface of constant r tends to the radius of the event horizon and used the condition that 
the field is regular on the horizon. This means that in the advanced co-ordinate system 
{i, r, 9, (f} for example, can be expanded in r about r+ in terms of regular functions 
of i, 9 and Eq. (j4.19|) shows that a solution which is radiating energy across the future 
horizon looses energy between 5*0 and Sy. To complete the proof we need to show that if 
fc^ becomes spacelike somewhere within the mirror then there is an initial configuration 
of the field for which (^o < 0. Then Eq. ()4.19p implies that the field is at best marginally 
unstable and will be strictly unstable unless it can settle down at late f to a non-radiative 
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FIG. 5: A space-time diagram of the region bounded by the surfaces ^o, S-^, a hypersurface of 
constant Boyer-Lindquist radius and the mirror. 



state. Furthermore, this non-radiative state state must be time-dependent. To see this note 
that from the field equation, S'y can be rewritten 



^v^l f ry^^^n^K [{k%,V^(j)) V^0*] (4.20) 

*/ Sv 



and hence is zero if k'^V is zero. We now show that there is an initial configuration of 
the field for which < if there is a region in which fejf is spacelike. It is straightforward 
to show that the energy can be rewritten 

J So 

(4.21) 

Suppose that in the region outside the speed-of-light surface, Sq is a hypersurface of constant 
t. It then follows that 

m = fe, p=^(n^-n). (4.22) 
fl a 

Let O be an open region of 5*0 lying outside the speed-of-light surface and let Or be an open 
ball of radius R contained within O. Let ^ be a function which vanishes outside a compact 
subset of O, whose value and derivatives are bounded in such a way that there is a positive 
constant K for which 

In'^V^^I + \m^V^g\ + \rV^gV,g\'/^ < K, (4.23) 
and which on Or is given by 

^ = 1. (4.24) 
Consider the field which satisfies the initial conditions 

(l) = ge'"'^+, (4.25) 
n'^V^^ = -m''Vf,(p. (4.26) 
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This means that 



<^o = l[ ri^'^a [2(1 - (3) |m^V^0|' + j'^^V^^V.^] 

^ J So 



(4.27) 



There is an e > for which 1 — /3 < — e everywhere within O. Suppose that within O, a is 
bounded between amin and ctmax and Q is bounded above by fimax- It follows that 



a 



mm 2 



2 '-^max 



Q2 I 2 

^^max -^Or 

Q^min 2 I /O I i T^2 '-'^max i ^ i 

-e- m \Ur\ + K — z — \0\ 



(3) 



o 



2 ■ 2 

max 

where | ■ | indicates the 3-volume. We see that S'q <Q for all sufficiently high m. 



(4.28) 
(4.29) 



V. NUMERICAL SEARCH FOR UNSTABLE MODES 



Although we can say very little analytically about the occurence of complex frequency 
modes, we can obtain a bounded region of the complex plane within which the frequency 
must lie and thereby search for them numerically. From Eq. (j4.1H) we find that 



< ujR < mfi+, m > 0, 

< < — m^7_,., m < 0. 

Using Eq. (ITTTll . we can write Eq. ()4.12|) as 



St 



dr 



d(f)o 



09 



+ 



a 



LUj — {lur — mil) + m — 



(5.1) 
(5.2) 



0. (5.3) 



From the bound obtained for ur, we find that 



Uf < mQ+, m > 0, 

Uj < — mf2_|_, m < 0. 



(5.4) 
(5.5) 



Note from this that if a mode with complex frequency exists then the real part of its frequency 
is in the range which we associate with superradiance in the absence of a mirror. It is clear 
that there are no axially symmetric modes with complex frequency. It is also clear that when 
a is set to zero and the space-time reduces to the Schwarzschild space-time, no such modes 
can occur as is well known. Curiously, the bound on the complex part of the frequency 
obtained in a similar analysis given by Detweiler and Ipser [3l does not imply this. 

Specializing to the case of a field satisfying Dirichlet conditions on the hypersurface 
r = To, we can now numerically search for complex frequency modes within this region. We 
look for a solution of the form 



where 



Rwim ~ e" 



-rRuim{r)S^im{co?,9)e 



-iwt+imif 



-ooj. 



(5.6) 



(5.7) 
(5.8) 
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/ = 1, m = l 1 = 2, m = 2 

FIG. 6: A graph of the complex eigenfrequencies corresponding to solutions of the Klein-Gordon 
equation which are null in the field theory inside a mirror of constant Boyer-Lindquist radius tq for 
a black hole with a = 0.95M. As rg decreases, the frequencies pass into the lower complex plane 
through the point cu = before the minimum radius of the speed-of- light surface, r^ohi'^/'^) = 
1.675855M, is reached. The eigenfrequency is given in units in which M = 1. 

This can be cast as a root-finding problem for a complex function of a complex variable. 
The variable is u and the function is Rujimi'f'o), obtained by integrating the radial differential 
equation from the horizon subject to the condition ()5.7p . Close to the horizon, Rujim increases 
exponentially with increasing r* and so there are no numerical problems in maintaining the 
accuracy of the integration. It is necessary to know the separation constant Xu^im and we 
have calculated this by using a power series expansion in auj [lj|. The root-finding algorithm 
we have used is an iterative scheme known as Muller's method 

Fig. ini shows some of the results. We fix the value of a and track the movement of the 
frequencies found as the value of tq changes. As the radius of the mirror decreases, the 
frequencies approach the real axis and pass into the lower half of the complex plane before 
the radius of the mirror reaches the minimum radius of the speed-of-light surface. In each 
case, the point at which they cross the real axis is the critical frequency of superradiant 
scattering in the absence of a mirror, = 0. This is expected in the case that the speed-of- 
light surface and the static limit surface do not cross. The reason for this is that if u is real 
then (j) satisfies the conditions to be an ingoing function. That is, 

= <im, (5.9) 

when suitably normalized. Since (p* also vanishes on the mirror, it is clear that the cor- 
responding upgoing function, u"^^ does also. It is straightforward to check that m^^^ is 
an unstable mode in the field theory outside the mirror. However, we know from j5|] that 
there are no non-trivial modes of this type if the mirror lies entirely outside the stationary 
limit surface. The graphs in Fig. El show that this behaviour of the complex frequencies also 
occurs when the black hole is rotating sufficiently quickly that the speed-of-light surface lies 
partly within the static limit surface and the argument given above fails. The graphs are 
for the case a = 0.95M, for which the relevant surfaces are shown in Fig. [7| 
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VI. CONCLUSIONS 

In this paper, we investigated the pathology which afflicts the Hartle-Hawking vacuum 
on the Kerr black hole space-time. We have done this by taking up a suggestion made in 
Ref. j3] of enclosing the black hole within a mirror. The mirror serves to modify the global 
properties of the space-time without altering its differential geometry. We have found that 
the pathology can be regarded as due to rigid rotation of the state with the horizon in the 
sense that (1) when the mirror removes the region outside the speed-of-light surface, there 
is a state with the defining features of the Hartle-Hawking vacuum; (2) when the field is 
in this state, the expectation value of the energy-momentum stress tensor measured by an 
observer close to the horizon and rigidly rotating with it corresponds to that of a thermal 
distribution at the Hawking temperature rigidly rotating with the horizon; (3) when the 
mirror encloses any part of the region outside the speed-of-light surface, the field equation 
admits unstable solutions and it is not possible to construct any stationary state such as 
the Hartle-Hawking vacuum. We performed the calculation of the energy-momentum stress 
tensor by numerically solving for the mode solutions of the field equation and performing 
mode sums. In a future article, we will present a more detailed description of some of the 
numerical techniques used. We will also give there results for the Unruh vacuum. 

APPENDIX 

The speed-of-light surface is the hypersurface other than the horizon on which k,^^ be- 
comes null. In Boyer-Lindquist co-ordinates this is given by the condition 

gtt + 2n+gt^ + nlg^^ = 0. (A.l) 

In terms of r and 6 this can be rewritten as 

Ql sin^ e 



(r - r+) (r^ + Ar' + Br + C) = 0, (A.2) 



where 



A = r+, (A.3) 

B = a' cos' 9 + 2Mr+ ( 1 - > (A.4) 

\ sm 6 J 

C=(r+- 2M) cos^ d - — ^ - 4M\+. (A.5) 

\ sin 6 J 

The cubic polynomial in r which appears as a factor has only one real root rgoL which we 
can solve for in terms of 9 jl^ . 

rsoL(^) = 2 v^cos (^1^ - I (A.6) 



where 

_ 35-^2 9AB-27C-2A^ _ . ( P 
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FIG. 7: Schematic diagrams of the horizon (blue hne), static hmit surface (green hne) and speed 

of-hght surface (red hne) for a = 0.5M, a 
t = constant, ip 
co-ordinate. 



2{^/2 - l)M and a = 0.95M. The diagrams show a 
constant shce with the Boyer-Lindquist co-ordinates r and 9 used as plane polar 



It can be checked that tsql has a minimum value in the equatorial plane and that this is 
given by 



^SOL ( 2 



TT 



(A.8) 



For a black hole with a = 0.3M, which is considered above, the minimum radius of the 
speed-of-light surface is r = 11.935M. As can bee seen, it is possible for the speed-of- light 

surface to lie partly within the static limit surface. When a = \J 2{\/2 — 1)M the two 
surfaces just touch in the equatorial plane and in the case of an extremal black hole, a = M, 
the speed-of-light surface just touches the outer horizon in the equatorial plane. 
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